In this note, we present a formula for the action of the primitive Steenrod-Milnor operations on generators of algebra of invariants of the general linear group GLn = GL(n, Fp) in the polynomial algebra with p an arbitrary prime number.
Introduction
Let p be a prime number. Denote by GL n = GL(n, F p ) the general linear group over the prime field F p of p elements. This group acts on the polynomial P n = F p [x 1 , x 2 , . . . , x n ] in the usual manner. We grade P n by assigning dim x j = 1 for p = 2 and dim x j = 2 for p > 2. Dickson showed in [1] that the invariant algebra P GLn n is a polynomial algebra generated by the Dickson invariants Q n,s with 0 s < n.
Let A(p) be the mod p Steenrod algebra and denote by St R ∈ A(p) the Steenrod-Milnor operation of type R, where R is a finite sequence of non-negative integers (see Milnor [2] , Mùi [3, 4] ). For R = (k), St (k) is the Steenrod operation P k . For ∆ i = (0, . . . , 0, 1) of length i, St ∆i is called the i-th primitive Steenrod-Milnor operation in A(p).
The Steenrod algebra A(p) acts on P n by means of the Cartan formula together with the relation
for j = 1, 2, . . . , n (see Steenrod-Epstein [6] ). Note that for p = 2, P k is the Steenrod square Sq k . Since this action commutes with the one of GL n , it induces an inherited action of A(p) on P GLn n . The action of St ∆i on the modular invariants of linear groups has partially been studied by Smith-Switzer [5] , Sum [8] and Wilkerson [9] . The purpose of the note is to present a new formula for the action of the primitive Steenrod-Milnor operations on the Dickson invariants.
Main Result
First of all, we introduce some notations. Let (e 1 , . . . , e n ) be a sequence of non-negative integers. Following Dickson [1] , we define [e 1 , e 2 , . . . , e n ] =
Denote L n,s = [0, 1, . . . ,ŝ, . . . , n], 0 s n, L n = L n,n = [0, 1, . . . , n − 1]. Each [e 1 , e 2 , . . . , e n ] is divisible by L n and [e 1 , e 2 , . . . , e n ]/L n is an invariant of GL n . Then Dickson invariants Q n,s are defined by
By convention, Q n,s = 0 for s < 0. Note that Q n,0 = L p−1 n .
The main result of the note is the following.
Theorem 2.2. For any 0 s < n and i 1, we have
where P n,i,0 = 0, P n,i,s = [0, . . . , s − 1, . . . , n − 1, i − 1]/L n , for s > 0 and
The motivation of expressing St ∆i (Q n,s ) in this theorem in a different way from its original description in Theorem 2.5 derives from a result in [8] , which was used by N. H. V. Hưng from the Vietnam Institute for Advanced Study in Mathematics, in his talk in October 2019, on The Margolis homology of the Dickson algebra .
We need the following results for the proof of the theorem. [9] ). For any 0 s < n and 1 i n, we have
Theorem 2.4 (See Sum [7, 8] 
Hence, the theorem is true for s = 0.
Assume that s > 0. We prove the theorem by induction on i. By Theorem 2.3, the theorem is true for 1 i n. Suppose that i n and the theorem holds for 1, 2, . . . , i. Using Theorems 2.4, 2.5 and the inductive hypothesis, we get
Using Theorem 2.4, we have
/L n p = [0, . . . , s − 1, . . . , n − 1, i]/L n p = P p n,i+1,s . By a similar computation using Theorem 2.4, we obtain
/L n p = [0, 1, . . . , n − 2, i]/L n p = R p n,i+1 .
Thus, the theorem is true for i + 1. So, the proof is completed.
Using Theorems 2.2 and 2.4, we can explicitly compute the action of St ∆i on the Dickson invariants Q n,s for i > n by explicitly computing P n,i,s and R n,i . The cases i = n + 1, n + 2 have been computed in Sum [8] by using Theorem 2.5. Corollary 2.6 (See Sum [8] ). For 0 s < n, we have St ∆n+1 (Q n,s ) = (−1) n Q n,0 (−Q p n,s−1 + Q p n,n−1 Q n,s ), St ∆n+2 (Q n,s ) = (−1) n Q n,0 Q p 2 n,s−2 − Q p n,s−1 Q p 2 n,n−1 + (Q p 2 +p n,n−1 − Q p 2 n,n−2 )Q n,s . By a direct calculation using Theorem 2.4, we easily obtain the following. Corollary 2.7. For 0 s < n, St ∆n+3 (Q n,s ) = (−1) n Q n,0 (P p n,n+3,s +R p n,n+3 Q n,s ), where
n,n−3 − Q p 2 n,n−2 Q n,n−1 − Q p n,n−2 Q p 2 n,n−1 + Q p 2 +p+1 n,n−1 . Corollary 2.8. For any 0 s < n and i 1, we have St ∆i (Q p−1 n,0 Q n,s ) = (−1) n Q p n,0 P p n,i,s ∈ Ker(St ∆i ). Proof. Using the Cartan formula for the Steenrod-Milnor operations (see Mùi [3, 4] ) and Theorem 2.2, we get St ∆i (Q p−1 n,0 Q n,s ) = (p − 1)Q p−2 n,0 St ∆i (Q n,0 )Q n,s + Q p−1 n,0 St ∆i (Q n,s ) = (−1) n − Q p n,0 R p n,i Q n,s + Q p n,0 (P p n,i,s + R p n,i Q n,s ) = (−1) n Q p n,0 P p n,i,s . The corollary is proved.
